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An essential role of Clifford algebras for quantum-chemical finite-dimensional
orbital models of many-electron systems is pointed out. The relationship
between Clifford algebra matric units, the generators of the unitary group
approach (UGA) and the higher order replacement or excitation operators,
as well as between their first and second quantized realizations, is elucidated.
The usefulness of higher order replacement operators in the spin-adaptation
of various many-body theories is briefly outlined and illustrated on the
orthogonally spin-adapted coupled-pair approach. A natural connection with
the Clifford algebra UGA is explored and new possibilities for its exploitation
in large scale configuration interaction calculations are suggested.
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* Dedicated to Professor J. Koutecky on the occasion of his 65th birthday
** Also at: Department of Chemistry and (GWC)?, University of Waterloo, Waterloo, Ontario,
Canada

t Killam Research Fellow 1987-8



82 J. Paldus and B. Jeziorski

to theoretical electrochemistry, surface science and the theory of the chemical
bond, was one of the first quantum chemists to formulate a second-quantization-
like formalism [1], specific for the particle-number conserving systems. Following
Matsen [2], Koutecky and Laforgue [1] call the relevant operators - which can
also be viewed as unitary group generators - the basic symmetry operators or
BSOs, employ their first and second quantized forms and consider their extension
to nonorthogonal bases. Later, a similar formalism was also exploited in a general
study of alternant systems [3] and biradicaloids [4, 5].

The realization of the importance of unitary or general linear groups for particle-
number conserving systems can be traced back to the pioneering days of quantum
mechanics [6]. It was not, however, till the late sixties and early seventies that
the unitary group was exploited in the shell model description of nuclei [7],
atoms [8] and molecules [2, 9-12] as a dynamical group’ [13, 14]. In such a role
it enables an automatic spin-adaptation of the theory by exploiting the chain

U@2n)>U(n)®@U(2),

for systems with spin-independent Hamiltonian, given as a bilinear form in terms
of U(n) generators. The exploitation of this formalism became particularly
widespread after the realization that a rather complex U(n) representation theory
[16] can be drastically simplified in the many-electron case [12, 17]. This formal-
ism became known as the unitary group approach (UGA)? to the many-electron
correlation problem [12, 17-19], and has primarily been exploited in large scale
configuration interaction (CI) calculations [20]. The interested reader can consult
numerous reviews [17, 21-24] or monographs [25-27] dealing with this topic.

Recently, UGA was further extended through an embedding of U(n) in a much
larger unitary group U(2") [15, 28]. This approach has been named the Clifford
algebra UGA (CAUGA) in view of the key role played by the related Clifford
algebra spinorial basis, which enables the representation of relevant N-electron
spin-adapted states as linear combinations of totally symmetric two-box Weyl
tableaux of U(2"). Since the U(n) generators may be simply related with those
of U(2") [29], the action of any particle-number conserving operator (which is
expressible in terms of U(n) generators) in this basis is trivially determined.
CAUGA seems to be also easily amenable to many-electron system partitioning
[28] (for UGA system partitioning see [30]).

In this paper we wish to show that the operators considered by Koutecky and
Laforgue [1] appear naturally in UGA and CAUGA descriptions, and may also

' A unitary group is not a symmetry (invariance, degeneracy) group of a general many-fermion

system but rather - loosely speaking - its dynamical or noninvariance group [13, 14]. The latter, or
the related spectrum generating algebra, are required to contain all the bound states in a single
irreducible representation (irrep). In this sense, it is rather the larger group U(2") of the Clifford
algebra unitary group approach (CAUGA) [15], which plays this role, since all the possible multiplets
are then contained in a single irrep of this group

2 Or GUGA (graphical UGA), emphasizing the graphical representation of the electronic Gel'fand-
Tsetlin basis, which was introduced by Shavitt [18]



Clifford algebra formulation of the many-electron correlation problem 83

be generalized to higher than one- and two-particle operators, if desired. In
particular we wish

(i) to stress the basic importance of Clifford algebras for many-fermion systems,

(ii) to elucidate the relationship between the first and second quantized realiza-
tions of U(n) and U(2") generators,

(iii) to point out the usefulness of higher-order analogues of U(n) generators
for various many-body theories, in particular for their spin adaptation, which we
will illustrate for the coupled-cluster theory and, finally,

(iv) to outline some new possibilities of CAUGA in large scale CI calculations.

2. The first and second quantization formalisms

We shall consider an N-electron, n-level model system described by a spin-
independent, particle-number conserving Hamiltonian H. In the usual wavefunc-
tion description, sometimes referred to as the first-quantization formalism, the
appropriate space in which H acts is given by the antisymmetrized Nth tensor -
power of a one-electron space V., spanned by 2n orthonormal spinorbitals |I),
I=1,...,2n

In the second quantized description one associates with each spinorbital {I) an
annihilation operator X, as well as a corresponding creation operator X, given
by the Hermitean conjugate of X, as the notation implies. These operators act
in the appropriate Fock space & and satisfy the anticommutation relations

X1, X,}={X], X3} =0,{X;, X]}= 8, 1)
where the anticommutator {A, B} is defined as

{A, B}=AB+ BA, (2)
as well as the so called vacuum property

Xl0)=0, (vI) ()

where |0) represents the physical (true) vacuum. We also define the corresponding
number operators N; in the usual way,

Ny =X1X,, 4)
as well as their complements N,
N, =1-N,=X,X}. (5)

We note that these operatérs form a system of mutually commuting Hermitean
idempotents (projectors), namely

N%=N15N§:NI;N;=N15N;:NI5 (6)
[Ny, Ny :[NI; NJ] =[N, NJ]:O, (7)
where

[A, B]=AB - BA.
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Moreover,
N;N, =0, (VI). (8)

The number operators (4) and (5) can be used in turn to define the following
compound projectors

en=enn..,’=NyNp - NN - N, 9)

where (I,L, - - - I,,,) is a permutation of (12 - - (2n)). We use curly braces for
the set {I} to emphasize the symmetric nature of the product involved, Eq. (9).
If the set {I} is empty, we have

em=e=N, - Ny, (10)
We easily find that

el =euy.ein=eyn (11)
and

eneuy = S e (12)

These orthognal projectors provide the resolution of identity, since

leemzjjl (N;+ Ny =e (13)

3. (Clifford algebras

We recall that a Clifford algebra C,, is an associative algebra generated by the
Clifford numbers «; satisfying the anticommutation relations

{oy, a;} =26, (i,j=1,...,m). (14)

A general monomial in C,, is a product of Clifford numbers a}'as?- - - a,» with
v; =0 or 1 since, in view of Eq. (14), @?=1. We can thus establish a one-to-one
correspondence between these monomials and binary strings {vyv,« * - v,,}, s0O
that dim C,, =2™.

It is now easy to see that the fermionic algebra, defined by the second quantization
creation and annihilation operators, Egs. (1)-(3), is isomorphic with the Clifford
algebra C,,. Indeed, we find easily that the following linear combinations

ar=X;+X5, (I=1,...2n)

(15)
Arion = l(XI _X}‘)s
satisfy the relations (14) for Clifford numbers. Conversely, we have that
X;= %(CVI —i0yion),
(16)

XJ} = %(al +itria,).
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We can also easily construct a matric basis for this algebra [31]. For this purpose
we introduce the following notation for arbitrary products of the creation and
corresponding annihilation operators,

+ T oyt i
X[1]=X11X12 e X},,
X[1]=X1,' s X12X11,

where [I] designates® the ordered set {I,, I,, ..., I}, I, <I,<- - -<I,. Note that
X1 is again the Hermitean conjugate of X{;;. It can be easily shown that

X[I]e():engI]:O, (18)

(17)

which implies that

eoX(1)X {1180 = 81 11,1170- (19)
We can thus define the matric units by

et = X{neoX- (20)
Using Eq. (19) we see immediately that indeed

ernw €KL = Sk ieniLy- (21)
We note also that

en = €rrs (22)
since
[Nb X;]= o X, (23)
so that
e=Y ey (24)
13!

4. The relationship between the first and the second quantization formalisms

The projector e,= e, Eq. (10), associated with the empty set {0} =, projects
onto the true vacuum state |0), so that clearly

€|0y=10) and (0]e;=1(0|, (25)
while any other state containing at least a single particle, e.g. |[- - - It- - - 1), where

UD=ILE - LD=X]X], - X100 =X[r|0) (26)
is annihilated, i.e. ‘

eol["'Ik"']>=0=(['"Ik"']|€o- (27)
We can thus identify this operator with the ket-bra vacuum product,

eo=0)0], (28)

3 We now enclose I in square brackets to emphasize the antisymmetric nature of these products
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so that
eny= XEI]]())(OIX[J] = '[I]X[-’]l (29)

We can distinguish the particle-number conserving operators ep;x1, when both
sets [J] and [ K] have the same cardinality, from the particle-number non-
conserving ones, which transform between the subspaces with different particle
numbers. Further, the set of particle-number conserving operators can be divided
into (2n+ 1) subsets according to different cardinalities of [I] and [J] in (29).
We see immediately from the product property, Eq. (21), that any such subset
is closed under multiplication and, hence, forms a subalgebra of C,,,. In particular,
when the cardinality is one, so that we can make an identification [I]=1 and
[J]1=J, we obtain the set of operators

ey =|D){Jl, (30)
which multiply in exactly the same way as the usual matric units, i.e.

ek = Osxeyr. (31)
It is well known that any associative algebra can be turned into a Lie algebra by
defining the Lie product as a commutator. In the present case this gives

Lenens exarnal = dunixaeonn — dnex i, (32)

which is isomorphic with the Lie algebra of [(2°") or, in the orbital case (see
below), U(2"), i.e. the group exploited by CAUGA. Clearly, Lie-algebraizing the
one-particle subalgebra spanned by the operators (30), we get the Lie algebra of
U(2n), which is exploited in UGA.

In the second quantization formulation we realize normally the U(2n) generators
by

el=X1X,. (33)

From now on we shall also consider the corresponding orbital generators given
as partial traces of the generators (33). Writing the spinorbitals |[I) as products
of orbital and spin kets, |I) =|i)|u), we thus define

Ze"‘—X X+ XX  (Lj=1,...,n). (34)

These operators can be regarded as unitary group generators since they satisfy
the commutation relations

[eJ, eL] 51 eL 51_31 s (35)

and similarly for the orbital group generators E;. However, they no longer form
an associative algebra, since

eJeL = ejf+51 eL: (36)
where

eif = XX« X X, (37)
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cannot be represented as a linear combination of ej operators. The relationship
(36) must be compared with the corresponding one given by Eq. (31). Clearly,
both operator sets span isomorphic Lie algebras of U(2n) but only the latter one
also forms a corresponding associative algebra.

It should be pointed out, however, that for many applications the operators ej;
[or, generally, the matric units of Eq. (20)] are not very convenient because of
their high particle rank. By the particle rank of a particle-number conserving
operator we understand, as usually, the number of creation-annihilation pairs
that enter its second-quantized representation. Using Eqs. (10) and (20) we can
easily verify that e;; is a (2n —1)-particle operator when I # J and a (2n)-particle
operator when I =J, while the particle rank of ey, is (2n—2), (2n—1) or 2n,
depending on how many of the indices I, K, J, L are different. On the other
hand, e} or ej; are one- and two-particle operators, respectively. Being of such
a low particle rank, these operators have proved to be particularly useful in
various many-body theories, most notably in the coupled-cluster theory [32]. In
fact, it is the possibility to generate higher rank operators as products of lower
rank operators, as is exemplified in Eq. (36), that underlies one of the most
powerful tools of the many-body theory: the exponential cluster ansatz [32-34].

To generalize definitions (33) and (37) to an arbitrary particle rank, we set
et = X{nXin, (38)

which differs from Eq. (20) only in the absence of the vacuum projector between
the strings of the creation and annihilation operators. The operators (38) will be
referred to as the spinorbital replacement operators, since their action consists in
replacing the spinorbitals from the set [J] by the spinorbitals from the set [I] in
all the Fock space vectors on which E[j] acts. The operators e,y performs
essentially the same task, but only for one basis vector |[J]) from the Fock space,

giving zero result when acting on all other basis vectors of the form (26).

Expanding Eq. (20) and solving recursively for ef}} (starting with 2n-particle
operators), we can easily verify that spinorbital replacement operators can be
represented as follows

e = e[,][,]+§I:’ e IZ'I e LRt (39)

1 1<
where the prime indicates that the summation extends over all spinorbitals not
included in [ ] or [J]. All terms in Eq. (39) have the same sign, since the running
indices I,, I,, ... are placed at the end of [ I] or [J] indices, so that the combined
indices [II,}, [J1,], etc. are not properly ordered*. When the combined indices
are brought to the natural order, each term in Eq. (39) must be multiplied by
the sign of the permutation needed to perform the ordering.

*  Note that in Eq. (39) we do not require the sets [II,], [II, L], .. ., etc. to be ordered so that the

Clearly, they will differ at most by a phase factor from the corresponding operators with ordered
sets, Eq. (29)
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Equation (39) and inverse equation expressing ey, in terms of ef}] (i.e. Eq.
(20)) show that the replacement operators constitute another basis of the Lie
algebra of U(2%"). Since the matrix transforming one of these basis sets into
another is not unitary, the commutators of e[}] are not as simple as those of
e, EQ. (32). In fact, only the set of one-particle operators e is closed under
commutation. These operators form a basis for the Lie algebra of the U(2n)
group embedded into U(2°") via SO(4n+1) [15]. Thus, Eq. (39) gives an
important relationship between the U(2n) and U(2°") generators, exploited in
the development of CAUGA [15].

It is worthwhile to remark that the set of two-particle operators eJy is not closed
under commutation (since the commutator of two two-particle operators is in
general a three-particle operator). This unpleasant fact considerably complicates
the many-body theory beyond the one-particle approximation.

There exists another relationship between the matric units ¢y and the replace-
ment operators e} H , Which is particularly important for the first-quantized applica-
tions [35]. Denoting by A[ %y the restriction of an arbitrary operator A to the
N-electron layer of the Fock space & and assuming that the cardinality of [I]
and [J] is k, we can write

el Fy=0 for N<k,

and

N
eE_HrF/;N = ) <Z ) e[I][]](il e ik) for NZk, (40)
1<)

t k

where the operator ey s1(i; * - - ix), now acting only on the coordinates of electrons
iy,..., 0, can be represented as the integral operator with the kernel
(i - - i) @it - - - ik). The functions ¢y and ¢, are the first-quantized
representatives (Slater determinants) of the state vectors |[[I]) and |[J]) and i,
denotes here the set of spatial and spin coordinates of the electron i. In Eq.
(40) we assume that when e;;yr51(i; - * - i) acts on a function ¢ of N variables,
then ¢ is treated as a function of k variables i, - - - i, all other variables being
kept fixed. Otherwise e ;1 would vanish for k# N.

Still another, somewhat less explicit relation between the basis of Eq. (38) and
the matric units of Eq. (20), has been studied in detail by Moshinsky and Quesne
[36]. Using the states (26), r=0,1,...,2n as a basis of the 2°"-dimensional
carrier space for the fundamental representation of U(2%"), it is easy to see that
the operators (38) yield “almost” the 2*"-dimensional matric units. We note here
that a convenient ordering of the states (26) can be achieved by interpreting
their occupation number m,, ..., m,,, where m;=0, 1, as binary numbers
(m, - - my,),, as is the case in CAUGA [15, 28] (see also Sect. 7). For the present
purposes, however, it is sufficient to consider groups of states |[ ], .. ., I.]), having
the same total occupancy r =Y., m;. Assuming, thus, that the states (26) are ordered
according to the increasing particle number, we find easily that the general matrix
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representative [([K l|ef/ILL|, where [I1=[1,,..., L1, [J1=[J;,..., L1 [K]=
[K,,...,K,Jand [L]=[L,,..., L,], has the form [36]

pl<r7 p/= r! p/> r/
per) 03 0 L0 (41)
p=ril 91 duun 10
p>r 01 0 I f

where only the block f has a more complicated structure. We can thus achieve
the desired result by projecting out the states with p>r or p’>r'. This can be
achieved using a standard projection operator [36]

fo= T (N_t>, (42)

!
t=r+1 \ I —1

with N being the total number operator N =Y ; N;. Thus, defining the new
operators as

= efilty, (43)
we obtain the desired generators of U(2°"). Note that we can write equivalently
the desired projector as

2n r

fo=1-"% [t]= % [1)], (44)
t=r'+1 t=0

where |t)(t| is the projector onto the t-particle component of the carrier space,

le)t| = [EIZ] [L,...,LIX(L,..., L] (45)

We then find easily that
1= 1, X3, X £ [ovl)
t=0

=X}1 N X;VX]H. .. lelr')<,'|
=X} - Xloxolx,, - - X,

= '[I]XU]‘ =€y (46)

thus completing the “full circle” in investigating the relationship between the
first and second quantization formulations. The above development clearly indi-
cates the basic importance of Clifford algebras and related U(2°") or U(2")
groups for the general theory of (2)n-level fermion systems.

5. Orbital replacement operators

High-rank spinorbital replacement operators e};] can also be defined recursively

as implied by Eq. (36). This is particularly convenient for spin-free orbital
analogues of ef}]. Labelling orbitals with lower case Greek letters, we thus define

Ef=F%Ef-88E2, 47)
Ey=E%EY—8LE - 81E%, etc., (48)

VA
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where E; are U(n) generators, Eq. (34). These operators will be referred to as
orbital replacement operators or E-operators for short. While the rank-two
operators (47) have often been used, since they naturally arise in the normal
product form of two-particle operators [1, 3-5, 19, 32, 37], the generalization to
higher orders was systematically employed only recently by Kutzelnigg [38], who
calls them “‘excitation operators”. Since the action of E 2. replaces everywhere
the orbitals u, v,... by the orbitals «, B, ..., and since this replacement may
also represent a de-excitation or a simple permutation of orbitals, we prefer the
name ‘“‘replacement operators”. Even earlier exploitation of these operators is
due to Hinze and Broad [39], who call them “‘spin-free reduced density operators”.
This name is justified by their close connection with spin-integrated reduced
density matrices, discussed at the end of this section.

The first-quantized non-recursive definition of E-operators is also possible. For
the N-electron layer %y of the Fock space we can write
E; 5 1 Fn=0 when k> N,

i

and

N
EplioFy= ¥ eplife(iy---i) for k=N, (49)

iyt

where &1k is the k-electron integral operator with the kernel
Do, (i) -+ b, (i) P% (i1) - - - @F (i), &, are the orthonormal orbitals on which
the U(n) transformations act, while i, - - - i, designate the spatial coordinates of
electrons iy, .. ., ix. The operator £;!.7* can also be viewed as the ket-bra operator
of the form |¢,, * * * ha X Bu, = * * by,|- When k=2 and N =2, Eq. (49) simplifies

to

N
Eiff@N = Z ('¢a¢ﬂ><¢u¢ul + I¢B¢a><¢v¢y.‘)(y) (50)

i<j
It should be noted that the definition (49) is actually more general than the
recursive definition through (34), (47), (48), since it also applies to an arbitrary
tensor space VZ~ and not only to antisymmetric Fock spaces. The E-operators
so defined span the algebra of bisymmetric operators discussed extensively in [40].

The E-operators may be easily symmetry adapted, since the symmetric group S,
acts naturally on a general operator E ;1”7 as on any tensor. Since a simultaneous
permutation of the lower and upper indices leaves these operators unchanged, e.g.

E“Py — By« (51)

HLVA vAps

it is immaterial whether S, will act on the upper or lower indices.
For two-particle operators we simply obtain

PIEet="Ef =E*C+ Ef® (52)

nys

12 _3paB _
Wpel =3pet = g6 — ph
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where we employ either the S, irrep symbol, or the corresponding spin multiplicity
(2§+1), to label the resulting symmetrized (or orthogonally spin-adapted)
operators. In the following we shall employ the (anti)symmetrizer with respect
to indices a« and B,

"Fup =1+ 2-m)P4, (53)

where ?,5 permutes indices a and 8, and m =1 or 3. Equation (52) can then
be re-written in the following compact way

"ES =" s EE. (54)

When a, b (r,s) designate the occupied (unoccupied) orbitals relative to a
closed-shell determinant ®,, then the operators (54) acting on ®, generate
(unnormalized) particle-particle-hole-hole (pp-hh) coupled biexcited singlet
configurations, whose advantages over other possible coupling schemes are well
documented [41].

For three-particle operators, in addition to a symmetry adaptation with respect
to S; [38], it is also useful to consider “partially”” symmetrized operators. In this
case, however, we must indicate precisely the indices involved, e.g.
—a
"FayEpor ="E Y. (55)
We shall conclude this section by listing some of the most useful properties of
E-operators.

(i) The E-operators are “normal ordered” (cf. [42]) in a sense that (E35 ) =0,
unless all the indices af - - - uv - - - refer to the orbitals occupied in the reference
state ®,, which defines the mean value (- - ). The reader will note that the
products of the U(n) generators do not have this property. For example, (EZE ) =
2 when a is doubly occupied and r is unoccupied in ®,. Loosely speaking we
can say that E%. is a “normal ordered form” of the generator product ESE%- - - .
The recursive definition, Eqgs. (47), (48), providing the normal ordering, can be
regarded as a special case of the spin-free Wick theorem discussed below.

(ii) The E-operators can be multiplied according to a Wick-type rule with all
pairings having the phase (+1) [38]. Thus, for instance

EER=EBR+ 8 EXS+87ER:

WVAK Avk pAK
+OLESY+8IEM + 8L E + 8 E, (56)
where 85 denotes the unit tensor 8%5 = §%8% - - - . The four-particle term in

Eq. (56) corresponds to the normal product, the three-particle terms to single
pairings and the two-particle terms to double pairings. This Wick-type multiplica-
tion immediately yields all the commutators that appear every so often in many-
body theory calculations. For example, we easily find that

[EE, EY1=81ER+ 8. Ex8 — 63 ES — SR ESY. (57)

nys
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It can also be shown that the Wick-type rule holds for symmetry-adapted
operators. For example, we can write

"E EXe="E+ 8L " EN+ 81 E L

+O.TEY+ 8 EEI+ 8 EE+ 60 E, (58)

where the symmetrized operators are defined analogously to Eq. (55).

(iii) The symmetry-adapted operators that correspond to Young diagrams with
more than two columns must vanish in view of the Pauli principle [this property
is valid only for the Fock-space definition, Eqs. (34), (47), (48) and not for the
general definition if Eq. (49)]. In other words, the E-operators can form bases
for at most two-column irreps of the symmetric group. A simple example of this
property is the identity

EB +ESY+EXS+EXS+ ENR + ESY =0, (59)

VA VA VA VA VA

which shows that for a given selection of three occupied and three virtual orbitals
we can have at most five independent triexcited singlet configurations or clusters
[43]. Obviously, fewer independent configurations arise when some of the orbitals
are identical. Thus, assuming that » = A, we obtain using Eq. (51) that

Eaﬂ7+ EPYe 4 FreP — 0, (60)

nov nry nry
obtaining two independent triexcited singlets. If, in addition 8 = v, we have

E*FB 4o ERB -, (61)

mry vy
and only one configuration results.

(iv) The expectation values of E-operators of rank k provide the elements of the
spin-integrated kth order reduced density matrix [44]. For a closed shell reference
state, such a density matrix is easily obtained by symmetrizing the unit tensor
851 %k with the operators from the center of the group algebra of S;. For k=2

and k=3, Egs. (47) and (48) give (assuming that all the indices pertain now to
occupied orbitals)

(BB =(4=2P5)808 = ((F g +3Fp) 855, (62)
(E8ry=(8—4%6"2+26%)528 = (#1214 480N 5By (63)

where €™’ are the class sum operators for the permutation group of k indices
(either aBy- - - or uwx---) and ¥ are the “character operators” (character
projectors), providing an alternative basis for the center of the corresponding
group algebra. The precise definition of I s

FM=3 M uret, (64)
{m}
where the summation extends over all classes {u} of S and y™*{u} is the character

of a class {u} in the irrep [A]. For k=2, #'* and """ reduce to '%,; and *%,,
respectively. For k = 3, the explicit forms for the class sum and character operators
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are: €U V=P o+ Pp P, G =P+ P, P =2-6 and HV=
1- %"+ €Y. In the general case (for an arbitrary k) we find that

(BSiowy = (1) z (—2)™ gt (65)
1

where the summation extends over all classes of S, and n'*! is the total number
of cycles in the class {u} or, equivalently,

(EStign —z mM Mgy (66)

k )
where the summation is over all two-column irreps of S, and m™! is the
spin multiplicity associated with the representation [A], i.e. m*!'=b+1 for
[A)=[2°1°].

(v) In various applications we often encounter density matrices which are sym-
metrized with respect to some indices. In order to see how to perform such a
symmetrization, we first consider ("E5). Using the first Eq. (62) and the fact that

" aﬁg)aﬁ = (2 - m)myaﬁs (67)
we obtain
("EpE)="8,5[4~2(2—m)]855 =2m "S55 (68)

Analogously, writing €%’ as Pog(Pg, +P,,) and replacing P,z by (2—m) in
view of Eq. (67), we can easily symmetrize "‘E ffj;’ [cf. Eq. (55)]:

("B =2m Sy (2~ P, — Py, ) 5T (69)

VA

A straightforward generalization for the four-particle case gives
("B = 2m S [4 = 2Py Py + P+ P+ P)
F Poys T Pasy T Pays + Pasy + PonPas + PosPay 155002 (70)

This result can be further symmetrized in additional indices following the same
technique.

6. Application to the coupled-cluster theory

rs

The set of operators "E;, where a, b (r, s) designate the occupied (unoccupied)
orbitals in a closed shell reference determinant ®,, forms a natural basis for the
expansion of the pair-cluster operator T, in the orthogonally spin-adapted cou-
pled-pair theory [45, 46]. To simplify the notation, we assume in this section that
an unrestricted summation is carried out over all those indices (not necessarily
repeated), which appear only on the right hand side of our equations but not on
the left hand side. Thus, we can write that

T2 t‘rzsb mEab: (71)

where the implicit summation over m extends over only two values of m, namely
m =1 and m = 3. The cluster amplitudes "t2” are simply related to the unnormal-
ized amplitudes (a'a®|%,|a,az)s of [45] by

T = (2—mYym VX (rs| 5y abY -1y (72)
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They may also be related to the geminals 7.3(r,, r,) of the first-quantized coupled-
cluster theory [35] via the overlap integral

"1 = behs| T, (73)

where ¢,, ¢, designate a pair of virtual orbitals. The amplitudes "t2° are assumed
to have the following symmetry properties

mpab — mba — (2 —m)™t% = (2— m)™t?, . (74)

which guarantee that the number of independent coefficients in (71) is the same
as the number of doubly excited singlet configurations.

We shall now illustrate how the E-operators of Sect. 5 can be used to evaluate,
in a rather straightforward and selfcontained way, the quadratic part "Q% of
the orthogonally spin-adapted coupled-pair equations. This quadratic part can
be defined as [32, 35].

('”E [[H, T.], ., (75)

where (- - -) denotes the expectation value with respect to the reference state @,
and the factor 1/m is introduced for convenience. Writing the Hamiltonian H
as H=3v4¢E%; and T, as TZ =1m E’c’f , exploiting the symmetry propemes of
the cluster amplitudes ™'t top's Eq (74) and of the two electron integrals vy, =
(¢r&.|riz|d,0.), and using Eq. (56), we can expand the inner commutator in
(75) as

up m' e’ ppAkp’ pp’ m’ c' Ak
[H’ T2] _2v/\x t E,u.cc +4v)u< ’Ecc'

A
~ oy e B — ot s B (76)

From now on we assume that the indices a, b, ¢, ¢, d, d'(r,5,p,p', 9, q') label
exclusively the occupied (virtual) orbitals, the indices A, k, u, v range over all
orbitals and m, m’, m", designating the multiplicity, equal to 1 or 3. Using once
again Eq. (56) (and its appropriate generalization) to evaluate the outer commu-
tator in (75), and realizing that most of the resulting pairings give a vanishing
contribution to "Q2, we find that

i ="Qw(123)+"Q(45) (77)
where
1 .
(123)——m of "t "t ("EW ENEdy, (78)
and

1
5) =~ - olfy i3y "t ("ESY B2

1
o U8 T T G CE G, BLE). (79
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In Eq. (77) we have employed the partitioning of "Q% into the sum of the
contributions from the hard-to-compute diagrams (diagrams 1, 2, and 3 of [47])
and from easily “factorizable” diagrams (diagrams 4 and 5 of [47]), discussed
in detail in [47] and [48] and often exploited in practical calculations {35, 47-51].
A deeper physical meaning of an approximate cancellation of the first three
diagrams has been elucidated in [52].

The evaluation of the first term in Eq. (79), which we denote by ™A%, is
straightforward if we use Eq. (58) and note that both possible double pairings
give an identical contribution. Using, further, Eq. (68), we obtain

1
AT = ol iy T B
m "m',ab m" ,dd’
= —_% abvgfi)’ " t;p’ " Ly
= —olf i e (80)
In arriving at the last equality we employed the fact that "F,, ™ 122 =26, " "b

and that m” must equal m since otherwise " 1% and vZ%, "’t“b would have a
different symmetry under the interchange of d and d’, so that the sum over d
and d’ would vanish,

After combining the two terms resulting from the pairings of qq' with rs, the
second term in (79), denoted by "B%’, takes the form

1 , -
b d b
"B = = am vih "t " ("E¢qe
_ 1 pp' m'e¢’ m dd m’ m a
- —4m Uxd tpp s y < Ec c> (81)

In obtaining the second equality we used the fact that ’”S”,s"’ 1% =26, .t and

that we can symmetrize the last factor in cc’ (since ™ 1, has already a definite
symmetry in ¢ and ¢'). To proceed further, we employ the identity

m/ycc’<mE?)‘£'c> =2m myabm/ycc'(m,6z’bd)"c- 5a/\bc) (82)

obtained by additional symmetrization of (69). Inserting (82) into (81) and
replacing ™'%,. by 2 (since " “ -has already a definite symmetry in cc’) we finally
obtain

"QI(AS) = —m "Ll "t M+ 0l My (83)

where the first and second terms correspond to diagrams 4 and 5 of [47],
respectively.

It remains to consider Qi (123). Since r and s can only be paired with p’ and

q' or with ¢’ and p’, and since both pairings yield the same result, we can write

, ar : a7
Lrls - 16m " t;'cr " tqs ™ ycc " ydd’<mECcl’;";c>> (84)
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where we have chosen to symmetrize the four-particle density matrix in c¢’ and
dd' and to divide the whole expression by 4. The explicit expression for the
required symmetrized four-particle density matrix is

~
m’ m” m pabix
ycc' ydd'< Ec'd'dc
_ m” m’ m 1o aabix ” 1 qabri
=2m " F g Lo "L ap{m'm" LY G+ [2(2 = m") 8 — M 180
1 Abax axAb
—m 6mm”6¢’d’dc - m”6mm’5c’:i’dc . (85)

This result can be obtained by further symmetrization of Eq. (70). Actually, such
a symmetrization is quite simple since, due to the presence of ™ .. Faa, all
the terms which differ by permutations of ¢ and ¢’ or d and d’ can be collected
together and represented by a single term. Inserting (85) into (84) and replacing
" %™ P by the factor of 4, we get
"QR(123) = —m' "L 0E " 1 ey + 3L g {m'm 0 (36)
) ., 86
+2—m'—m"+(2-m)(2—m')(2—m") 0B} "t " e,
where we replaced 28, by 1+(2—m)(2—m’) to obtain a more symmetric
expression. The first term on the right hand side of Eq. (86) originates from the
last two terms of Eq. (85) and corrresponds to the diagram 3 of [47].

Using Egs. (72) and (73) one may verify that our expression for "Q% is fully
equivalent to the expressions derived in [45], [35] or [50]. Similar technique can
be used to find the explicit form of the linear part m ("EX[H, T,]) of the
coupled-pair equations. The derivation is then somewhat simpler since the four-
particle density matrix does not appear. This approach is particularly convenient
in cases when the standard diagrammatic technique may not readily apply, such
as in various multi-configuration approaches. For example, we found the present
method very useful in deriving the explicit form of the spin-adapted multireference
linear coupled-cluster equations, which include connected semi-internal three-
and four-particle cluster operators [53].

7. Clifford algebra unitary group approach

We have seen in Sect. 3 that Clifford algebras appear naturally in the description
of many-fermion systems. The 2" basis elements of the Clifford algebra C, can
be related with orbital occupancies of spin-free antisymmetrized states (Slater
determinants), Eq. (26). These simple “building blocks™ can be conveniently
numbered and used to obtain fully spin-adapted CAUGA [28]. In this section
we wish to draw attention to the possibility of using only partially spin-adapted
bases in CI calculations exploiting the CAUGA scheme. Let us briefly summarize
the basic tenets of CAUGA.

Interpreting the occupation numbers m,, m,, ..., m, of the basic building blocks
(antisymmetrized states) (26) as binary integers (m;m, - m,),, m;=0,1, we
can conveniently label them by single integer index p [15, 28]

PEP{m,»}:T.“(mlmz cemy)s. (87)
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The matric basis of U(2") is now defined by Eq. (29) with [I] and [J] interpreted
as ordered sets of orbital rather than spinorbital indices. Replacing [I] and [J]
by corresponding orbital occupancies, we can label each U(2") generator by a
pair of indices p and g defined by Eq. (87). Henceforth, these generators will be
denoted by E,,. As discussed in Sect. 4, the U(n) generators, Eq. (33), can be
expressed through the U(2") generators using Eq. (39) (cf. also [28, 29]). Employ-
ing the labeling of Eq. (87) and designating the U(n) generators by A;, we obtain
[29, 15, 28]

o
Ai= Z mipEpps (88)
p=1
where m! are occupancies of the pth building block, and
Ag=(=1)7"" L (DB, (89)
p.q.r
where

r=1(r,q), T=mq,r),

Ty, ) =2""12 204+ 1),
with

p=1,2,...,2"7

g=0,1,...,(27"1-1),

r=0,1,...,(27"'=1),

and S,(gq) designating the digital sum of ¢, (the binary representation of ¢).
Thus, all raising and lowering generators A;; of U(n) are given as linear combina-
tions of 2"7% U(2") generators E,, with simple coefficients +1 (all elementary
generators have coeffiicents +1). For example, the representation of U(5) raising
generators is shown in Table 1 (see [15] for a graphical representation of a simple

Table 1. Example of a general representation of the U(n) generators A; in terms of the U(2")
generators E,,, A; =Y, £ E,, for n=>5. Only the relevant indices are listed and the sign of each term
on the right hand side is indicated as +( ). Only raising generators are listed

ij +E,, represented by +p,q

12 9,17 10,18 11,19 12,20 13,21 14,22 15,23 16,24
23 59 6,10 7,11 8,12 21,25 22,26 23,27 2428
34 3,5 4,6 11,13 12,14 19,21 20,22 27,29 28,30
45 2,3 6,7 10,11 14,15 18,19 22,23 26,27 30,31
13 =517 —6,18 -7,19 —8,20 13,25 14,26 15,27 16,28
24 -39 -4,10 7,13 8,14 —-19,25 —20,26 23,29 24,30
35 -2,5 4,7 -10,13 12,15 —-18,21 20,23 —26,29 28,31
14 3,17 4,18 -7,21 —8,22 -11,25 -12,26 15,29 16,30
25 2,9 —-4,11 ~6,13 8,15 18,25 -20,27 —22,29 24,31

15 -2,17 4,19 621  —8.23 1025  —-12,27  -1429 1631
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structure of this relationship). However, for a given U(n) irrep I'(a, b, ¢),
a=iN-S§, b=28, c=n—a-b, (90)

which pertains to an n-level model of an N-electron system with total spin S,

n-2 n—2 -2

we only need (a 3 l) +< 1) terms if b # 0 and (Z B 1) terms if b=0][15], so
that only a fraction of the total number of terms appearing in the general
expression (89) is neded for each particular multiplet.

The spin-adapted states may in turn be represented as linear combinations of
two-box Weyl tableaux U(2") states, since it can be shown that any U(n) irrep
with at most k columns is contained at least once in the totally symmetric k-box
representation of U(2") [54]. For example, a subduction of the two-box rep-
resentation [2] of U(2°)= U(64) of dimension 2080 to U(6) gives

R UE) = z [2"1+é0 A1+ § 12417)

+2 i [2"13]+3(§ [2"14]+[15]+[215]+[16]), (91)
k=0 k=0

where [2°]=[0], [2°2%]=[1%], etc. The simplest way to obtain this expansion is
to decompose the one-box representation as [0]+[1]+[1°]+- - - +[1°] and then
calculate all possible inner direct products using the Littlewood-Richardson rules
[55] while discarding all the irreps that enter the antisymmetric part of [1]X)][1].
Equation (91) indicates that the frequencies of irreps that correspond to singlets,
triplets and doublets are equal to unity. In general, these frequencies only depend
on the spin S and are equal to S for S odd, to (S+3), for S fractional, and to
(S+1) for S even.

Thus, in the many-electron case we only need to consider the symmetric two-box
states, which we shall represent for simplicity as follows

[plal=[p]q)- (92)

For exlar;lg)le, the highest weight state in any irrep I'(a, b, ¢) of U(n) is represented
by [2°]2°7¢].

One of the advantages of CAUGA is the fact that it is not dependent on any
specific coupling scheme, even though the most natural coupling is that charac-
terizing the VB-type Rumer states. However, one can just as easily construct the
Gel’fand-Tsetlin states of UGA if desired [15, 28]. For any chosen coupling
scheme the action of the U(n) generators A; reduces simply to the action of
E,,’s on the two-box tableaux states (92), which is very simple indeed. Defining
the unnormalized states ( p|q) as

(plg)=(1+6,9)" " plq], (93)
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we get that
E;(pla) = 8, (ilg) + 8, (il p). (94)

In other words, the operator replaces the index j by the index i and only if the
double occupancy is created or destroyed, we must include an extra factor
of V2. The double occupancy of our two-box tableau can only occur when
b=S=0.

It is worth noting that any set of the basic two-box states (92) forms an orthonormal
system. This observation suggests a particularly simple practical implementation
of CAUGA employing a suitably chosen subset of the two-box states as a CI
basis. Clearly, if we wish to accomplish a full CI, we choose the smallest possible
set of two-box states, which span the carrier space for a given irrep I'(q, b, ¢) of
U(n). Usually, this set will also span additional carrier spaces for one or more
other irreps of U(n). However, as implied by the decomposition shown in Eq.
(91), the additional representations which mix in will be usually low dimensional
irreps with high spin multiplicity, so that the dimension increase should be only
a moderate one. This dimensionality excess should be well compensated by the
simplicity, and thus the resulting efficiency, in the calculation of the matrix
representative of the Hamiltonian.

We thus consider a possibility to employ directly the two-box tableau states (92)
as a CI basis, since the higher spin-multiplicity states will be automatically
eliminated by the diagonalization procedure. A very similar approach has already
been implemented in a vector processing environment [56].

The number of two-box tableaux that must be generally considered for a given

irrep I'(a, b, ¢) of U(n) is easily seen to be equal to (n)(n) for b#0 and to
a/\c

1
§(n> [( n) + 1] when b =0, since the corresponding states carry the (generally
a a

reducible) direct product representation [1°7°]X[1%], the dimension of [1™]
n
being <m> Equivalently, they are given by the number of possible combinations

of 0’s and 1’s in a binary representation of the highest weight state indices 2°
and 2°*°. The structure of this two-box basis is best apparent from its graphical
representation given in Figs. 7 and 8 of [15]: If we represent the states (92) on
a rectangular grid of 2" x2" points, then the states that are associated with
the same orbital occupancies, and whose linear combinations will yield fully
spin-adapted states (for the connection with Gel’fand-Tsetlin and Rumer
bases see [15,28]), are lying on the same co-diagonal (cf. Fig. 8 of [15]).
The number of such state is given by the Young-Yamanouchi genealogical
spin branching diagram values f(N, S), (see, e.g. [20], Chap. 1). The relevant
labels are most easily generated by permuting zero and unit entries in binary
strings representing the highest weight state labels 2° and 2°*°, Eq. (87).
Thus, for example, for N=n=5 and S=1 we need the irrep T'(2,1,2)
whose highest weight state is [4]8]. The possible integers labeling other states
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are thus

4:11100 8: 11000
6:11010 12: 10100
7:11001 14: 10010
10: 10110 15: 10001
11: 10101 and 20: 01100 (95)
13: 10011 22: 01010
18: 01110 23: 01001
19: 01101 26: 00110
21: 01011 27: 00101
25: 00111 29: 00011,

5 5
since in this case ( 2) = (3) =10. We thus have 10” two-box tableaux to represent

75 states of I'(2, 1, 2), as follows from the dimension formula [12]
b+1 +1 +1
dim I['(a, b, c)=———<" )(" ) (96)
n+1 a ¢

Obviously, the largest boost in the dimension will result from the states having
the largest number of open shells.

To estimate, in general, the relative increase in the dimensionality of the CI
problem, we take the ratio of the number of two-box tableaux and of the dimension
of I'(a, b, ¢) which gives (assuming b # 0)

_(n\(n ) _(ntl1-a)(n+1-c¢)
fz(a><c>/d‘m”“’ TS Yy

_3N+S+1 n+1-3N+S8

7
25+1 n+1 ©7)
We can similarly consider the case when b =0 so that generally
IN+S+1 1
lim f=>= . (98)

n—-x 2S+1 1+85,0.

To get a better idea of the possible boost in the dimension when two-box tableaux
are used directly as a basis, we present some typical cases in Table 2. When
considering, for example, only singly and doubly excited configurations from a
given set of reference configurations, this factor will be at most as large as for
N =4 and n - o, so that the dimension boost will not exceed 50% for the singlets
and 33% for the triplets.

To conclude, we would like to stress once again the simplicity of the relevant
algebra in calculating the matrix elements of U(n) generators or of their various
products in the two-box tableaux basis. This algebra is particularly simple for
non-singlet states since in this case no double occupancies of two-box tableaux
are possible, so that all the matrix elements are either 0 or 1. Moreover, the
integers labeling these tableaux separate naturally into the two disjoint sets, say
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Table 2. Relative dimensionality increase f, Egs. (97),
(98), for typical values of n, N and S

n N S f
4 4 0 21/20
1 16/15
6 6 0 210/175
1 225/189
2 36/35
12 6 0 24310/15730
1 32670/23166
2 9504/8580
6 6 0 2
1 5/3
2 6/5
© 10 0 3
1 7/3
2 8/5
© N 0 JAN+1)
1 AN +2)
2 3GN+3)

Q, and Q, [cf. example (95)] and all the generators E,, interchange only the
integers within each set €);, so that for each set (}; we can consider a different
effective representation of A in terms of E,, (cf. Table 1). In the above example
of I'(2, 1, 2) we see that out of the eight possible E,, operators we only need the
2nd, 3rd and 5th for 1, and the 4th, 6th and 7th for ,.

Moreover, the action of any A; on an arbitrary two-box tableau can be easily
computed directly using the following simple algorithm [valid for the irreps with
b #0 or, generally, when the renormalized states, Eq. (93), are used]: Consider
A,j[rls] (or A;(r|s) if b=0). Using a complementary binary representation of
(r—1) and (s—1), change 0 and 1 in positions i and j into 1 and 0, respectively,
in each binary representative (r—1), and (separately) (s —1),, if possible, and
attach the sign (—1)%, where k is the number of 1’s between the ith and jth
positions. Otherwise, matrix element vanishes. Using again the above example,
we thus have

A1[18[22] = A1,[01110/01010]
=[10110[01010]+[01110/10010]
=[10|22]+[18]14], (99)
where the binary digits being interchanged are printed in bold face. Likewise,
A5[18]22]= A,5[01110/01010]
=(-1)'[11010|01010] = —[6]22], (100)

etc., as may be easily verified using Table 1 and Eq. (94). Clearly, this process
may be easily repeated as many times as necessary when products of generators
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must be considered. In fact, the rules illustrated by Egs. (99) and (100) have a
very simple first quantization interpretation, since each box of the Weyl tableau
defining CAUGA states, Eq. (92), can be viewed as a Slater determinant. Thus,
denoting the orbitals transformed by U(5) as ¢;, i=1,...,5 and the orbital
determinants as |¢;¢, - - - ¢r|, we can write Eq. (99) also in the form

A1l18]22]= Apx(|d2 34| ® |24
= (A12’¢2¢3¢4]) ® '¢2¢4l + '¢2¢3¢4'® (A12,¢2¢4|)
=|¢1304| ®|Dr0bal +| 200304 ® b1 bl
=[10[22]+[18]14]. (101)

The possibility to write the two-box quasi-spin-adapted configurations (92) as
direct products of two Slater determinants is implied by the fact that they carry
the representation [1*"°]1X[1], as noted earlier.

We note, finally, that our binary representation also gives immediately the weight
generator matrix elements (i.e., the orbital occupancies) when we add both binary
numbers in [ p|q] digitwise. For example, considering again the state [18]22] =
[01110/01010], the digitwise sum gives the occupancies (02120).
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